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Abstract
The tensor contribution to the V -mode polarization induced by a magnetized plasma at
last scattering vanishes exactly. Conversely a polarized background of relic gravitons cannot
generate a V -mode polarization. The reported results suggest that, in the magnetized ΛCDM
paradigm, the dominant source of circular dichroism stems from the large-scale fluctuations
of the spatial curvature.
1Electronic address: massimo.giovannini@cern.ch
The linear polarization of the Cosmic Microwave Background radiation (CMB in what
follows) is customarily understood in terms of a particular set of initial conditions of the
radiative transfer equations stipulating that the fluctuations of the specific entropy are either
absent or very small in comparison with the fluctuations of the spatial curvature over typical
wavelengths larger than the Hubble radius at photon decoupling [1]. In the current version of
the ΛCDM paradigm2 the tensor modes of the geometry are absent. If included, they could
also induce a purported tensor component of the B-mode power spectrum which has not yet
been observed. Is it plausible that the CMB is also circularly polarized? This occurrence
cannot be a priori excluded. It would be highly desirable to have more direct upper limits on
the circular polarizations of the CMB with suitable low-frequency instruments [2, 3] possibly
operating in the GHz range or even below. When photons impinge electrons and ions in the
presence of a magnetic field, the circular polarization arises naturally [4] leading to a non-
vanishing V -mode whose magnitude depends upon the angular frequency of the experiment
and upon the intensity of the radiation field. The V -mode polarization (as the intensity
of the radiation field) is invariant under two-dimensional rotations in the plane orthogonal
to the direction of propagation of the photon [5]. In [4] only the scalar mode contribution
to the V -mode polarization has been considered and it is therefore natural to ask, in a
complementary perspective, if an additional source of circular polarization can arise from
the tensor fluctuations of the geometry. In the tensor extension of the ΛCDM paradigm the
long wavelength gravitons do contribute both to the linear polarization fluctuations as well
as to the temperature fluctuations. The magnetized electron-photon scattering induces a
scalar V -mode polarization as well as a scalar intensity fluctuation [4]; the tensor modes are
then expected to affect, in principle, both the intensity and the circular polarization. The
aim of the present paper is an explicit calculation of the tensor contribution to the V -mode
polarization in the framework of the magnetized ΛCDM paradigm. Consider the case of a
conformally flat Friedmann-Robertson-Walker geometry, i.e. gµν = a
2(τ)ηµν where ηµν is
the Minkowski metric with signature (+, −, −, −) and a(τ) is the scale factor. The tensor
fluctuations are defined as δ
(1)
(t) gij = −a2 hij where hii = ∂ihij = 0 (Latin indices run over the
three-dimensional spatial submanifold). The tensor fluctuation hij(~x, τ) are
hij(~x, τ) =
∑
λ
h(λ)(~x, τ)ǫ
(λ)
ij (kˆ), ǫ
(λ)
ij ǫ
(λ′)
ij = 2δ
λλ′ , (1)
where λ = ⊕, ⊗ denote the two polarizations; moreover ǫ⊕ij(kˆ) = (aˆiaˆj − bˆibˆj) and ǫ⊗ij(kˆ) =
(aˆibˆj + aˆj bˆi), (aˆ, bˆ and kˆ = ~k/|~k| represent a triplet of mutually orthogonal unit vectors).
The two circular polarizations of the graviton can also be defined as
ǫ
(L)
ij (kˆ) =
1√
2
[ǫ⊕ij(kˆ) + iǫ
⊗
ij(kˆ)], ǫ
(R)
ij (kˆ) =
1√
2
[ǫ⊕ij(kˆ)− iǫ⊗ij(kˆ)]. (2)
2The acronym ΛCDM will be frequently used hereunder: Λ stands for the dark energy component and
CDM stands for the cold dark matter component.
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As the scalar modes of the geometry affect the evolution of the scalar contribution to the
four Stokes parameters, the tensor modes of the geometry affect the evolution of the tensor
component of the four Stokes parameters. The latter problem can be treated, in a magnetized
environment, either through the Mueller or through the Jones calculus [6]. While the Mueller
approach has been already employed in a related context [4], the Jones method has the
advantage of dealing directly with the components of the electric fields which are organized
in a two-dimensional column vector. A hybrid approach will be employed hereunder: the
Stokes parameters will appear as the components of a 2×2 polarization matrix, i.e. P. The
evolution of P can be formally written as
dP
dτ
+ ǫ′P = 3ǫ
′
16π
∫
M(Ω,Ω′)P(Ω,Ω′)M †(Ω,Ω′) dΩ′, dΩ′ = d cosϑ′ dϕ′; (3)
the dagger denotes the transposed and complex conjugate matrix; ǫ′ = xen˜eσγea(τ)/a0 is the
differential optical depth and σγe = (8/3)π(e
2/me)
2. The matrix P is
P = 1
2
(
I +Q U − iV
U + iV I −Q
)
=
1
2
(I 1+ U σ1 + V σ2 +Qσ3) , (4)
where 1 denotes the identity matrix while σ1, σ2 and σ3 are the three Pauli matrices whose
explicit expression allows for a swifter derivation of the collision term of Eq. (3). The primed
angles denote conventionally the directions of the incident photons while the unprimed angles
describe the scattered radiation field; with these specifications the matrix elementsMij (with
i, j = 1, 2) is
M11 = ζ(ω)µµ
′Λ1(ω) cos∆ϕ−
√
1− µ2
√
1− µ′2Λ3(ω)− iΛ2(ω)fe(ω)ζ(ω)µµ′ sin∆ϕ
M12 = −ζ(ω)µΛ1(ω) sin∆ϕ− iΛ2(ω)fe(ω)ζ(ω)µ cos∆ϕ,
M21 = ζ(ω)µ
′Λ1(ω) sin∆ϕ+ ife(ω)Λ2(ω)ζ(ω)µ
′ cos∆ϕ,
M22 = ζ(ω)Λ1(ω) cos∆ϕ− ife(ω)Λ2(ω)ζ(ω) sin∆ϕ. (5)
where µ = cosϑ, µ′ = cosϑ′ and ∆ϕ = (ϕ′ − ϕ). The functions of the angular frequency of
the photon ω = 2πν appearing in Eq. (5) are:
Λ1(ω) = 1 +
(ω2p i
ω2p e
)(
ω2 − ω2B e
ω2 − ω2B i
)
, Λ2(ω) = 1−
(ω2p i
ω2p e
)(
ωB i
ωB e
)(
ω2 − ω2B e
ω2 − ω2B i
)
, (6)
Λ3(ω) = 1 +
(ω2p i
ω2p e
)
, fe(ω) =
(
ωB e
ω
)
, ζ(ω) =
ω2
ω2Be − ω2
, (7)
where ωB e, i and ωp e, i are the Larmor and plasma frequencies for electrons and ions depend-
ing, respectively, upon the magnetic field intensity and upon the relative charge concentra-
tions. Equation (3) can be written, in components, as
dPij
dτ
+ ǫ′Pij = 3ǫ
′
16π
∫
Mi k(Ω,Ω
′)Pkm(Ω,Ω′)M∗jk(Ω,Ω′) dΩ′, (8)
dPij
dτ
=
∂Pij
∂τ
+ nk
∂Pij
∂xk
− 1
2
∂hkm
∂τ
nk nm
∂Pij
∂ ln q
, (9)
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where q is the modulus of the (comoving) three-momentum. The matrix elements Pij can
then be split as Pij = f0(q)[δij + P(1)ij ] where f0(q) is the Bose-Einstein distribution as a
function of the modulus of the comoving three-momentum q. The matrix P(1)ij contains the
fluctuations of the brightness perturbations of the Stokes parameters whose explicit evolution
is governed by the following set of equations:
∂∆
(t)
I
∂τ
+ nk∂k∆
(t)
I + ǫ
′∆
(t)
I −
∂hkm
∂τ
nknm =
3ǫ′
16π
∫ 1
−1
dx
∫ 2π
0
dy CI(µ, x, ϕ, y), (10)
∂∆
(t)
Q
∂τ
+ nk∂k∆
(t)
Q + ǫ
′∆
(t)
Q =
3ǫ′
16π
∫ 1
−1
dx
∫ 2π
0
dy CQ(µ, x, ϕ, y), (11)
∂∆
(t)
U
∂τ
+ nk∂k∆
(t)
U + ǫ
′∆
(t)
U =
3ǫ′
16π
∫ 1
−1
dx
∫ 2π
0
dy CU(µ, x, ϕ, y), (12)
∂∆
(t)
V
∂τ
+ nk∂k∆
(t)
V + ǫ
′∆
(t)
V =
3ǫ′
16π
∫ 1
−1
dx
∫ 2π
0
dy CV(µ, x, ϕ, y). (13)
For sake of conciseness3 the functional dependence can be dropped
CI(µ, x, ϕ, y) = CII∆(t)I + CQI ∆(t)Q + CUI ∆(t)U + CVI ∆(t)V , (14)
CQ(µ, x, ϕ, y) = CIQ∆(t)I + CQQ∆(t)Q + CUQ∆(t)U + CVQ∆(t)V , (15)
CU(µ, x, ϕ, y) = CIU(∆(t)I + CQU∆(t)Q + CUU∆(t)U + CVU∆(t)V , (16)
CV(µ, x, ϕ, y) = CIV∆(t)I + CQV∆(t)Q + CUV∆(t)U + CVV∆(t)V . (17)
The superscript (t) on the brightness perturbations signifies that we are dealing with the ten-
sor modes: similar equations can be written in the case of the scalar modes. The coefficients
appearing in Eqs. (14) and (17) are given by:
CII = Λ
2
3A2(µ, x)− 2ζ Λ1 Λ3 µ xA(µ, x) c(y, ϕ)
+ ζ2[f 2eΛ
2
2(µ
2 + x2) + Λ21(1 + x
2µ2)]c2(y, ϕ)
+ ζ2[Λ21(µ
2 + x2) + f 2eΛ
2
2(1 + x
2µ2)]s2(y, ϕ),
CQI = Λ
2
3A2(µ, x)− 2ζΛ1Λ3 µ xA(µ, x) c(y, ϕ)
+ ζ2[f 2eΛ
2
2(−µ2 + x2) + Λ21(−1 + x2µ2)]c2(y, ϕ)
+ ζ2[Λ21(−µ2 + x2) + f 2eΛ22(−1 + x2µ2)]s2(y, ϕ),
CUI = 2ζ [Λ1Λ3 µA(µ, x)− ζ(Λ21 − f 2eΛ22)(µ2 − 1) x c(y, ϕ)]s(y, ϕ),
CVI = 2feζΛ2[ζΛ1(1 + µ
2)x− Λ3µA(µ, x) c(y, ϕ)]
CIQ = Λ
2
3A2(µ, x)− 2ζΛ1Λ3µ xA(µ, x) c(y, ϕ)
+ ζ2[f 2eΛ
2
2(µ
2 − x2) + Λ21(−1 + x2µ2)]c2(y, ϕ)
3It is understood that the ∆
(t)
I , ∆
(t)
Q , ∆
(t)
U and ∆
(t)
V appearing in the source functions at the right hand
side of Eqs. (10)–(13) do all depend upon (x, y); it is also understood that all the coefficients Cji of Eqs.
(14)–(17) do depend upon (µ, x, ϕ, y).
4
+ ζ2[Λ21(µ
2 − x2) + f 2eΛ22(−1 + x2µ2)]s2(y, ϕ),
CQQ = Λ
2
3A2(µ, x)− 2ζΛ1Λ3 µ xA(µ, x) c(y, ϕ)
+ ζ2[−f 2eΛ22(µ2 + x2) + Λ21(1 + x2µ2)] c2(y, ϕ)
+ ζ2[−Λ21(µ2 + x2) + f 2eΛ22(1 + x2µ2)]s2(y, ϕ),
CUQ = 2ζ [Λ1Λ3µA(µ, x)− ζ(Λ21 − f 2eΛ22)(µ2 + 1)xc(y, ϕ)]s(y, ϕ),
CVQ = 2feζΛ2[ζΛ1(−1 + µ2)x− Λ3µA(µ, x)c(y, ϕ),
CIU = 2ζ [−Λ1Λ3xA(µ, x) + ζ(Λ21 − f 2eΛ22)µ(x2 − 1)c(y, ϕ)]s(y, ϕ),
CQU = 2ζ [−Λ1Λ3xA(µ, x) + ζ(Λ21 − f 2eΛ22)µ(x2 + 1)c(y, ϕ)]s(y, ϕ),
CUU = −2ζ [Λ1Λ3A(µ, x)c(y, ϕ)− ζ(Λ21 − f 2eΛ22)µ x (c2(y, ϕ)− s2(y, ϕ))],
CVU = −2feζΛ2Λ3A(µ, x),
CIV = 2feζΛ2[ζΛ1µ(1 + x
2)− Λ3A2(µ, x) x c(y, ϕ)],
CQV = 2feζΛ2[ζΛ1µ(−1 + x2)− Λ3A(µ, x) x c(y, ϕ)],
CUV = 2feζΛ2Λ3A(µ, x)s(y, ϕ)
CVV = 2iζ [ζ(Λ
2
1 + f
2
eΛ
2
2)µx− Λ1Λ3A(µ, x)c(y, ϕ)]; (18)
in Eq. (18) the shorthand notations A(µ, x) = √1− µ2√1− x2, c(y, ϕ) = cos (y − ϕ) and
s(y, ϕ) = sin (y − ϕ) have been introduced. We shall now prove that, in spite of the polar-
ization of the graviton, the circular polarization will not be induced at last scattering even in
the presence of a very strong magnetic field. The obtained equations generalize the standard
system obtained (in the absence of magnetic fields) for the tensor components of the Stokes
parameters (see, for instance, [7]). Consider, for sake of concreteness, a linearly polarized
graviton (for instance ⊕). Assuming, without loss of generality, that the graviton travels
along the zˆ axis, the combination hkmn
knm equals h⊕(1 − µ2) cos (2ϕ). The dependence of
the brightness perturbations upon ϕ can then be deduced from the whole symmetry of the
system and it is4
∆
(t)
I (x, y) = Z(1− x2) cos 2y, ∆(t)Q (x, y) = T (1 + x2) cos 2y,
∆
(t)
U (x, y) = −2x T sin 2y, ∆(t)V (x, y) = 2 xS cos 2y. (19)
Using Eq. (19) into Eqs. (13)–(17) and taking into account Eq. (18) the evolution of Z, T
and S become, after lengthy algebra
∂Z
∂τ
+ nk∂kZ + ǫ′Z − ∂h⊕
∂τ
= ǫ′ζ2(ω)[Λ21(ω)− f 2e (ω)Λ22(ω)]Σ(t), (20)
∂T
∂τ
+ nk∂kT + ǫ′T = −ǫ′ζ2(ω)[Λ21(ω)− f 2e (ω)Λ22(ω)]Σ(t), (21)
4We shall not be directly interested here in the space-time dynamics of the relic gravitons but rather
on their polarization properties; different background models lead to different frequency dependence of the
relic graviton backgrounds (see, for instance, [8]); these aspects will not be directly relevant for the present
considerations.
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∂S
∂τ
+ nk∂kS + ǫ′S = 0, (22)
where, defining
∫ 1
−1ZPℓdx = 2(−i)ℓZℓ and
∫ 1
−1 T Pℓdx = 2(−i)ℓTℓ, the source term Σ(t) can
also be expressed as
Σ(t) =
3
32
∫ 1
−1
dx[(1− x2)2Z(x)− (1 + x2)2T (x)− 4x2T (x)]
=
3
70
Z4 + Z2
7
− Z0
10
− 3
70
T4 + 6
7
T2 − 3
5
T0. (23)
The integrations over y involves simple trigonometric identities:
∫ 2π
0
cos 2(ϕ′ − ϕ) cos 2ϕ′ dϕ′ =
∫ 2π
0
sin 2(ϕ′ − ϕ) sin 2ϕ′ dϕ′ = π cos 2ϕ, (24)∫ 2π
0
sin 2(ϕ′ − ϕ) cos 2ϕ′ dϕ′ = −π sin 2ϕ = −
∫ 2π
0
cos 2(ϕ′ − ϕ) sin 2ϕ′ dϕ′. (25)
In the case of the orthogonal polarization of the graviton (i.e. ⊗) the combination hkmnknm
equals h⊗(1− µ2) sin 2ϕ and symmetry considerations imply that
∆
(t)
I (x, y) = Z (1− x2) sin 2y, ∆(t)Q (x, y) = T (1 + x2) sin 2y,
∆
(t)
U (x, y) = 2 x T cos 2y, ∆(t)V (x, y) = 2 xS sin 2y. (26)
Inserting Eq. (26) inside Eqs. (13)–(17) and performing the integration over y the same
results of Eqs. (21)–(26) can be obtained. The same discussion can be carried on when the
gravitons are circularly polarized since the left and right polarizations can be expressed as
linear combinations of ⊕ and ⊗ (see Eq. (2)). It should be remarked that magnetic fields
can also induce relic gravitons on their own (see, e.g. [9]) but the primary goal of this paper
is to discuss the interplay of circular dichroism of the CMB and the tensor modes of the
geometry. It could be swiftly argued, a posteriori, that the rationale for the obtained result
is just a consequence of the transformation properties of ∆V(nˆ) which is a scalar under two
dimensional rotations in the plane orthogonal to nˆ. The latter argument can be immediately
refuted since also ∆I(nˆ) transforms like a scalar for rotations in the plane orthogonal to nˆ
but, nonetheless, it is affected by the tensor modes of the geometry even in the absence of
magnetic fields as it is clear from Eq. (20) (see also [7]). Equations (21)–(26) can be usefully
contrasted with their scalar counterpart in the limit of fe(ω) < 1 [4]
∂∆
(s)
I
∂τ
+ nk∂k(∆
(s)
I + φ) + ǫ
′∆
(s)
I = ψ
′ + ǫ′
[
µvb +∆
(s)
I0 −
P2(µ)
2
SQ
]
, (27)
∂∆
(s)
Q
∂τ
+ nk∂k∆
(s)
Q + ǫ
′∆
(s)
Q =
3(1− µ2)ǫ′
4
SQ, (28)
∂∆
(s)
V
∂τ
+ nk∂k∆
(s)
V = ǫ
′
{
fe(ω)[2∆
(s)
I0 − SQ
]
− 3
4
i∆
(s)
V1
}
, (29)
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where the subscript (s) reminds that we are dealing with the scalar modes; as usual SQ =
(∆
(s)
I2 + ∆
(s)
Q0 + ∆
(s)
Q2) and ∆
(s)
U = 0. Equation (29) possesses a source term inducing a com-
putable amount of circular polarization at last scattering. Conversely Eq. (22) does not have
a source term. This shows that, in spite of the polarization of the graviton, the presence
of a magnetic field at last scattering does not induce a tensor contribution to the V -mode
polarization. The latter result does not forbid the presence of a tensor contribution to the
V -mode polarization stemming from the initial conditions (i.e. if circular polarization was
already present prior to last scattering). However, if the CMB is assumed to be unpolarized
before last scattering we can conclude that a computable amount of circular polarization can
be induced in the presence of a magnetic field only from the scalar modes of the geometry
and not from the tensor modes. The author is indebted to Giorgio Sironi for stimulating
conversations.
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